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Recoil effect on the g factor of Li-like ions
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The nuclear recoil effect on the g factor of Li-like ions is evaluated. The one-electron recoil contribution
is treated within the framework of the rigorous QED approach to first order in the electron-to-nucleus mass
ratio m/M and to all orders in the parameter αZ. These calculations are performed in a range Z = 3 − 92.
The two-electron recoil term is calculated for low- and middle-Z ions within the Breit approximation using a
four-component approach. The results for the two-electron recoil part obtained in the paper strongly disagree
with the previous calculations performed using an effective two-component Hamiltonian. The obtained value
for the recoil effect is used to calculate the isotope shift of the g factor of Li-like ACa17+ with A = 40 and
A = 48 which was recently measured. It is found that the new theoretical value for the isotope shift is closer to
the experimental one than the previously obtained value.
PACS numbers: 31.30.J-, 12.20.Ds
High-precision measurements of the g factor of highly
charged ions [1–8] have triggered a great interest to the cor-
responding theoretical calculations [9–26]. To date, these ex-
periment and theory allowed the most stringent tests of bound-
state quantum electrodynamics (QED) in presence of a mag-
netic field and provided the most precise determination of the
electron mass [7, 27]. In Ref. [8] the isotope shift of the g
factor of Li-like ACa17+ with A = 40 and A = 48 has been
measured.
The theoretical value of the g-factor isotope shift is gen-
erally given by a sum of the nuclear recoil (mass shift) and
nuclear size (field shift) contributions. For low- and middle-Z
ions it is mainly determined by the mass shift, which in the
case of the s states is of pure relativistic origin. The fully rel-
ativistic theory of the nuclear recoil effect can be formulated
only in the framework of QED. Moreover, the mass shift is
the only effect which requires the employment of the bound-
state QED theory beyond the external field approximation,
providing a unique access to QED beyond the Furry picture
at strong-coupling regime [8].
In Ref. [8] the theoretical value for the g-factor mass shift
of Li-like calcium was obtained combining the calculations of
the one-electron recoil contribution to all orders in αZ and the
two-electron recoil contribution within the Breit approxima-
tion. While the one-electron contribution was directly eval-
uated using the QED theory [13, 30], the two-electron part
was obtained by extrapolating the lowest-order relativistic re-
sults from Refs. [28, 29]. Combined with the nuclear size
effect, whose calculation causes no problem, the theoretical
prediction for the isotope shift of the g factor of ACa17+ with
A = 40 and A = 48 was found to be in agreement with the
experimental one but at the edge of the experimental error bar.
In the present paper we perform the most accurate to-date
evaluation of the nuclear recoil contribution to the g factor
of highly charged Li-like ions. First, we improve in accu-
racy the calculation of the one-electron QED recoil contribu-
tion for Li-like calcium [8] and extend it to a wide range of
the nuclear charge number Z = 3 − 92. Second, we calcu-
late the two-electron recoil contribution to the g factor in a
range Z = 3 − 20 within the Breit approximation using a
four-component approach and investigate reasons for a strong
disagreement between the obtained results and the previous
calculations [28, 29]. Finally, we present the theoretical pre-
diction for the isotope shift of the g factor of Li-like ACa17+
with A = 40 and A = 48, which also includes the nuclear
size effect, and compare it with the experiment [8].
The QED theory for the nuclear recoil effect on the atomic
g factor to first order in the electron to nucleus mass ratio
m/M and to all orders in αZ was developed in Ref. [13].
This theory was employed to derive a completeαZ-dependent
formula for the recoil effect on the g factor of a H-like ion.
The obtained formula can be also applied to a many-electron
ion (atom) with one electron over closed shells, provided the
electron propagators are defined for the vacuum including the
closed shells [30]. In this case, the formula also incorporates
the two-electron nuclear recoil contributions to zeroth order in
1/Z .
We consider an ion with one electron over closed shells
which is put into the classical homogeneous magnetic field,
Acl(r) = [H × r]/2. For simplicity, we assume that H is di-
rected along the z axis. According to Refs. [13, 31], to zeroth
order in 1/Z , the m/M nuclear recoil contribution to the g
factor for a state a is given by (~ = c = 1, e < 0)
∆g =
1
µ0ma
i
2πM
∫ ∞
−∞
dω
[
∂
∂H
〈a˜|[pk −Dk(ω) + eAkcl]
×G˜(ω + ε˜a)[p
k −Dk(ω) + eAkcl]|a˜〉
]
H=0
. (1)
Here µ0 is the Bohr magneton,ma is the angular momentum
projection of the state under consideration, pk = −i∇k is the
momentum operator,Dk(ω) = −4παZαlDlk(ω),
Dil(ω, r) = −
1
4π
{exp (i|ω|r)
r
δil
+∇i∇l
(exp (i|ω|r)− 1)
ω2r
}
(2)
is the transverse part of the photon propagator in the Coulomb
gauge, α is a vector incorporating the Dirac matrices, and
2the summation over the repeated indices is implicit. The tilde
sign indicates that the corresponding quantity (the wave func-
tion, the energy, and the Coulomb Green function G˜(ω)) must
be calculated in presence of the magnetic field. Since we
consider an ion with one valence electron over the closed
shells, the Coulomb Green function is defined as G˜(ω) =∑
n˜ |n˜〉〈n˜|[ω − ε˜n + iη(ε˜n − ε˜F)]
−1, where ε˜F is the Fermi
energy and η → 0. Formula (1) includes both one- and two-
electron nuclear recoil contributions to zeroth order in 1/Z .
For the (1s)22s state of a Li-like ion, the (1/Z)0 two-electron
contribution is equal to zero. However, this formula can be
used to derive an effective two-electron recoil operator which
describes the recoil effect on the g factor within the Breit ap-
proximation. The expression for this operator is given below.
First, we consider the one-electron contribution. For the
practical calculations, it is conveniently represented by a sum
of low-order and higher-order terms, ∆g = ∆gL + ∆gH,
where
∆gL =
1
µ0Hma
1
M
〈δa|
[
p2 −
αZ
r
(
α+
(α · r)r
r2
)
· p
]
|a〉
−
1
ma
m
M
〈a|
(
[r× p]z −
αZ
2r
[r×α]z
)
|a〉 , (3)
∆gH =
1
µ0Hma
i
2πM
∫ ∞
−∞
dω
{
〈δa|
(
Dk(ω)−
[pk, V ]
ω + i0
)
×G(ω + εa)
(
Dk(ω) +
[pk, V ]
ω + i0
)
|a〉
+〈a|
(
Dk(ω)−
[pk, V ]
ω + i0
)
G(ω + εa)
×
(
Dk(ω) +
[pk, V ]
ω + i0
)
|δa〉
+〈a|
(
Dk(ω)−
[pk, V ]
ω + i0
)
G(ω + εa)(δV − δεa)
×G(ω + εa)
(
Dk(ω) +
[pk, V ]
ω + i0
)
|a〉
}
. (4)
Here V (r) = −αZ/r is the Coulomb potential of the nucleus,
δV (x) = −eα·Acl(x),G(ω) =
∑
n |n〉〈n|[ω−εn(1−i0)]
−1
is the Dirac-Coulomb Green function, δεa = 〈a|δV |a〉, and
|δa〉 =
∑εn 6=εa
n |n〉〈n|δV |a〉(εa−εn)
−1. The low-order term
can be derived from the relativistic Breit equation, while the
derivation of the higher-order term requires the employment
of QED beyond the Breit approximation. For this reason, we
term them as non-QED and QED one-electron contributions,
respectively.
To derive the effective two-electron recoil operator we need
to consider in Eq. (1) the two-electron contributionswhich de-
scribe the interaction of the valence electron with the closed
shell electrons. It can easily be done according to the cor-
responding prescriptions in Refs. [30, 32]. Within the Breit
approximation, we obtain
∆gint = ∆g
(1)
int +∆g
(2)
int , (5)
where
∆g
(1)
int = −
2
µ0Hma
1
M
∑
c
{
〈a|pi|c〉〈c|pi|δa〉
−〈a|pi|c〉〈c|Di|δa〉 − 〈a|Di|c〉〈c|pi|δa〉
+〈a|pi|δc〉〈c|pi|a〉 − 〈a|pi|δc〉〈c|Di|a〉
−〈a|Di|δc〉〈c|pi|a〉
}
, (6)
∆g
(2)
int = −
1
ma
m
M
ǫ3kl
∑
c
{
〈a|xl|c〉
×〈c|(pk −Dk)|a〉
+〈a|(pk −Dk)|c〉〈c|xl|a〉
}
. (7)
Here
D ≡ D(0) =
αZ
2r
(
α+
(α · r)r
r2
)
, (8)
ǫikl is the Levi-Civita symbol, |δc〉 =∑εn 6=εc
n |n〉〈n|δV |c〉(εc − εn)
−1, and the summation
(c) runs over the closed shells. The ∆g
(1)
int term corresponds
to the combined interaction due to δV and the two-electron
part of the effective recoil Hamiltonian (see Ref. [33] and
references therein):
HM =
1
2M
∑
i,k
[
pi · pk −
αZ
ri
(
αi +
(αi · ri)ri
r2i
)
· pk
]
. (9)
The one-electron part of this operator corresponds to the first
term in Eq. (3). The ∆g
(2)
int term leads to the following mag-
netic recoil operator:
HmagnM = −µ0H
m
M
∑
i,k
{
[ri × pk]
−
αZ
2rk
[
ri ×
(
αk +
(αk · rk)rk
r2k
)]}
, (10)
where we have added the corresponding one-electron part
from Eq. (3). The first term in the right-hand side of Eq. (10)
defines the nonrelativistic contribution derived previously by
Phillips [34].
Thus, within the lowest-order relativistic (Breit) approxi-
mation the recoil effect on the g factor to the first order in
m/M can be evaluated by adding the operators (9) and (10)
to the Dirac-Coulomb-Breit Hamiltonian, considered in the
presence of the external magnetic field. As mentioned above,
for the (1s)22s state of a Li-like ion the (1/Z)0 two-electron
recoil contribution equals zero. However, we can use the de-
rived effective operators to evaluate the 1/Z and higher-order
contributions to the recoil effect within the Breit approxima-
tion.
For a point-charge nucleus, the low-order one-electron term
∆gL can be evaluated analytically [13]:
∆gL = −
m
M
2κ2ε2 + κmε−m2
2m2j(j + 1)
, (11)
3where ε is the Dirac energy and κ = (−1)j+l+1/2(j+1/2) is
the angular momentum-parity quantum number. To the lead-
ing orders in αZ , we have
∆gL = −
m
M
1
j(j + 1)
[
κ2 +
κ
2
−
1
2
−
(
κ2 +
κ
4
)(αZ)2
n2
+ · · ·
]
. (12)
It can be seen that for an s state (κ = −1) the non-relativistic
contribution to ∆gL is equal to zero and, therefore, the low-
order term is of pure relativistic (∼ (αZ)2) origin.
The numerical calculation of the higher-order one-electron
contribution (4) was performed in the same way as in Refs.
[14, 35]. After the integration over angles, the summation
over the intermediate electron states was carried out using
the finite basis set method with the basis function constructed
fromB-splines [36]. Theω integrationwas performed analyti-
cally for the simplest “Coulomb” contribution (the term with-
out the D vector) and numerically for the “one-transverse”
and “two-transverse” photon contributions (the terms with one
and two D vectors, respectively) using the standard Wick’s
rotation. The higher-order (QED) contribution ∆gH for the
2s state is conveniently expressed in terms of the function
P (2s)(αZ),
∆g
(2s)
H =
m
M
(αZ)5
8
P (2s)(αZ) . (13)
The corresponding numerical results are presented in Table I.
The uncertainties have been obtained by studying the stability
of the results with respect to a change of the basis set size. For
Z = 20 the presented result agrees with that from Ref. [8] but
is given to a higher accuracy.
To get the total one-electron recoil contribution, we should
also account for the radiative (∼ α) and second-order (in
m/M ) recoil corrections. To the lowest order in αZ these
corrections were evaluated in Refs. [37–40].
As noted above, for the (1s)22s state of a Li-like ion the
two-electron recoil contribution to the g factor is equal zero,
if one neglects the interaction between the electrons. This ap-
proximation corresponds to zeroth order in 1/Z . The recoil
contributions of the first and higher orders in 1/Z have been
evaluated within the Breit approximation using the operators
(9), (10) and the standard expression for the Dirac-Coulomb-
Breit Hamiltonian:
HDCB = Λ(+)
[∑
i
hDi +
∑
i<k
Vik
]
Λ(+) , (14)
where the indices i and k enumerate the atomic electrons,
Λ(+) is the product of the one-electron projectors on the
positive-energy states (which correspond to the potential V +
δV , where V is the Coulomb potential of the nucleus and δV
describes the interaction with the external magnetic field), hDi
is the one-electron Dirac Hamiltonian including δV ,
Vik = e
2αρiα
σ
kDρσ(0, rik) = V
C
ik + V
B
ik
=
α
rik
− α
[
αi ·αk
rik
+
1
2
(αi ·∇i)(αk ·∇k)rik
]
(15)
is the sum of the Coulomb and Breit electron-electron interac-
tion operators.
Let us consider first the calculation of the 1/Z recoil con-
tribution, which can be evaluated using perturbation theory.
This contribution is conveniently represented by a sum of four
terms:
∆g
(1/Z)
int = ∆g
(1)
int +∆g
(2)
int +∆g
(1m)
int +∆g
(2m)
int , (16)
where ∆g
(1)
int combines the one-electron non-magnetic recoil
term from Eq. (9) with the electron-electron interaction (15)
and with the magnetic interaction δV , ∆g
(2)
int combines the
two-electron non-magnetic recoil term from Eq. (9) with the
electron-electron interaction (15) and with the magnetic inter-
action δV ,∆g
(1m)
int combines the one-electron magnetic recoil
term from Eq. (10) with the electron-electron interaction (15),
and ∆g
(2m)
int combines the two-electron magnetic recoil term
from Eq. (10) with the electron-electron interaction (15). The
numerical evaluation of all these terms has been performed
for extended nuclei in the range Z = 3 − 20 using the finite
basis set method with the basis functions constructed from B-
splines. The results, which are expressed in terms of the func-
tion B(α) defined by
∆g
(1/Z)
int =
m
M
(αZ)2
Z
B(αZ) , (17)
are presented in Table II. All digits presented in the table
should be correct. The extrapolation to the limit αZ → 0
leads to B(0) = −0.5155(2). This value disagrees with
the corresponding coefficient B(0) = −0.8603(8) which can
be derived (see Ref. [26]) by fitting the lowest-order rela-
tivistic results of the fully correlated calculations within the
framework of a two-component approach performed by Yan
[28, 29]. To find out the reasons for this disagreement, we
have also evaluated the 1/Z recoil corrections using the effec-
tive two-component Hamiltonian approach [28, 39, 41–43].
The calculations have been performed by perturbation theory
starting with the nonrelativistic independent-electron approx-
imation. The summations over electron spectra have been car-
ried out using the finite basis set method for the Schro¨dinger
equation with the basis functions constructed from B splines
[36]. With this approach, we obtain B(0) = −0.8603, pro-
vided we account for the same contributions as described
in Refs. [28, 29, 42]. This corresponds to the evalua-
tion of the spin-dependent terms in the magnetic-field depen-
dent part of the effective two-component Hamiltonian with
the Schro¨dinger wave function. In the previous calculations
[28, 29, 42] it was assumed that only these terms contribute
for the s states. Our study showed, however, that this is not the
case. We have found that there exist some additional contribu-
tions to the lowest relativistic order. To the first order in 1/Z ,
these contributions originate from the spin-independent terms
in the magnetic-field dependent part of the effective Hamil-
tonian (the first term in Eq. (10)) if they are combined with
the spin-orbit and spin-other-orbit coupling terms in the non-
magnetic part of the two-component Hamiltonian (the expres-
4sions for these couplings see, e.g., in Ref. [41]). The spin-
orbit coupling leads to a nonzero result if it is combined with
the Coulomb electron-electron interaction. The evaluation of
these terms gives additionally 0.3447 to B(0). This leads to
the total result B(0) = −0.5156 which agrees with the value
obtained in our four-component approach.
The evaluation of the second and higher-order in 1/Z con-
tributions within the Breit approximation was also based on
the operators (9), (10) and the standard expression for the
Dirac-Coulomb-Breit Hamiltonian (14). This was done by the
use of a recently developed recursive perturbative approach
[44, 45]. The results, which are expressed in terms of the
function C(αZ) defined by
∆g
(1/Z2+)
int =
m
M
(αZ)2
Z2
C(αZ) , (18)
are presented in Table III. The C(1+2)(αZ) and
C(1m+2m)(αZ) parts, presented in the table, correspond
to the non-magnetic and magnetic recoil contributions de-
fined by operators (9) and (10), respectively. The indicated
error bars are due to the numerical uncertainties of the
computation.
To derive the total value of the isotope shift, we need also
to evaluate the nuclear size effect. In case of Ca isotopes, this
contribution can be calculated in the one-electron approxima-
tion using the analytical formula from Ref. [17]. The root-
mean-square nuclear charge radii and the related uncertainties
were taken from Ref. [46].
The individual contributions to the isotope shift of the g fac-
tor for 40Ca19+ - 48Ca19+ are presented in Table IV. The un-
certainty of the finite nuclear size contribution includes both
the nuclear radius and shape variation effects. The shape vari-
ation uncertainty was estimated as a difference between the
calculations performed for the Fermi and sphere nuclear mod-
els. The total theoretical value of the isotope shift amounts
to ∆g
(theor)
IS = 11.056(16) × 10
−9. This value differs from
its previous evaluation, ∆g
(theor)
IS = 10.305(27) × 10
−9
[8], which included the two-electron recoil contribution ob-
tained by extrapolating the corresponding results from Refs.
[28, 29], and is significantly closer to the experimental value,
∆g
(exp)
IS = 11.70(1.39)× 10
−9 [8].
Concluding, in this paper we have evaluated the nuclear
recoil effect on the g factor of Li-like ions. The calcula-
tions included the m/M one-electron recoil correction in the
framework of the fully relativistic formalism and the two-
electron recoil contribution within the Breit approximation.
A large discrepancy was found between the present result
for the two-electron recoil contribution obtained using the
four-component approach within the Breit approximation and
its previous calculation performed using the effective two-
component Hamiltonian. An analysis of the discrepancy
showed that some important contributions were omitted in the
previous works. As the result, the most precise to-date the-
oretical values for the recoil effect on the g factor of Li-like
ions have been obtained. Combining the nuclear recoil and
TABLE I: The higher-order (QED) recoil contribution to the 2s g
factor, expressed in terms of the function P (2s)(αZ) defined by Eq.
(13).
Z P
(2s)
Coul P
(2s)
tr1 P
(2s)
tr2 P
(2s)(αZ)
3 −1.082 37.719 −22.644 13.993(1)
4 −1.067 29.519 −15.755 12.697(1)
6 −1.0403 21.1043 −9.1264 10.9376(2)
8 −1.0160 16.7563 −5.9884 9.7519(1)
10 −0.9943 14.0726 −4.2021 8.8762(1)
12 −0.9749 12.2396 −3.0704 8.1943(1)
14 −0.9575 10.9033 −2.3010 7.6447(1)
16 −0.9422 9.8841 −1.7509 7.1911(1)
18 −0.9287 9.0809 −1.3421 6.8101(1)
20 −0.9169 8.4322 −1.0292 6.4860(1)
30 −0.8818 6.4789 −0.1810 5.4160(1)
40 −0.8836 5.5765 0.1911 4.8840(1)
50 −0.9244 5.1802 0.4168 4.6727(1)
60 −1.0150 5.1326 0.6005 4.7182(1)
70 −1.181 5.426 0.795 5.040(1)
80 −1.482 6.186 1.050 5.753(3)
90 −2.07 7.82 1.45 7.20(1)
92 −2.26 8.33 1.57 7.64(2)
TABLE II: The 1/Z recoil contribution to the g factor of the (1s)22s
state of Li-like ions, expressed in terms of the function B(αZ) de-
fined by equation (17). The individual contributions correspond to
the related terms in Eq. (16).
Z B(1)(αZ) B(2)(αZ) B(1m)(αZ) B(2m)(αZ) B(αZ)
3 −0.8835 0.0213 0.0000 0.3466 −0.5157
4 −0.8836 0.0213 0.0000 0.3465 −0.5158
6 −0.8839 0.0214 0.0000 0.3464 −0.5161
8 −0.8844 0.0216 0.0000 0.3462 −0.5166
10 −0.8849 0.0218 0.0000 0.3459 −0.5172
12 −0.8856 0.0220 0.0001 0.3456 −0.5179
14 −0.8864 0.0223 0.0001 0.3453 −0.5187
16 −0.8873 0.0227 0.0001 0.3449 −0.5197
18 −0.8883 0.0231 0.0001 0.3444 −0.5207
20 −0.8894 0.0235 0.0001 0.3439 −0.5219
size effects, the isotope shift of the g factor of Li-like ACa17+
with A = 40 and A = 48 has been evaluated providing bet-
ter agreement between theory and experiment. We hope that
the obtained results will also pave the way for QED tests be-
yond the Furry picture in experiments with highly charged
ions which are planned at the Max-Planck-Institut fu¨r Kern-
physik in Heidelberg and at the HITRAP/FAIR facilities in
Darmstadt.
We thank Krzysztof Pachucki and Vladimir Yerokhin for
valuable discussions. This work was supported by the Russian
Science Foundation (Grant No. 17-12-01097).
[1] H. Ha¨ffner et al., Phys. Rev. Lett. 85, 5308 (2000).
[2] J. L. Verdu´ et al., Phys. Rev. Lett. 92, 093002 (2004).
[3] S. Sturm et al., Phys. Rev. Lett. 107, 023002 (2011).
[4] A. Wagner et al., Phys. Rev. Lett. 110, 033003 (2013).
5TABLE III: The 1/Z2 and higher-order recoil contribution to the
g factor of the (1s)22s state of Li-like ions, expressed in terms of
the function C(αZ) defined by Eq. (18). The C(1+2)(αZ) and
C(1m+2m)(αZ) parts correspond to the non-magnetic and magnetic
recoil contributions defined by operators (9) and (10), respectively.
Z C(1+2)(αZ) C(1m+2m)(αZ) C(αZ)
3 0.61(5) −0.75(5) −0.14(7)
4 0.59(3) −0.76(3) −0.17(4)
6 0.566(10) −0.775(10) −0.209(14)
8 0.556(5) −0.782(5) −0.226(7)
10 0.550(3) −0.786(3) −0.236(4)
12 0.546(2) −0.789(2) −0.243(3)
14 0.545(2) −0.790(2) −0.245(3)
16 0.543(2) −0.791(2) −0.248(3)
18 0.542(1) −0.792(1) −0.250(2)
20 0.542(1) −0.792(1) −0.250(2)
TABLE IV: Isotope shift of the g factor: 40Ca17+ − 48Ca17+, in
units 10−9.
One-electron non-QED nuclear recoil 12.240
Two-electron non-QED nuclear recoil −1.302
QED nuclear recoil: ∼ m/M 0.123(12)
QED nuclear recoil: ∼ α(m/M) −0.009(1)
Finite nuclear size 0.004(11)
Total theory 11.056(16)
Experiment [8] 11.70(1.39)
[5] D. von Lindenfels et al., Phys. Rev. A 87, 023412 (2013).
[6] S. Sturm et al., Phys. Rev. A 87, 030501(R) (2013).
[7] S. Sturm et al., Nature 506, 467 (2014).
[8] F. Ko¨hler et al., Nat. Commun. 7, 10246 (2016).
[9] S. A. Blundell, K. T. Cheng, and J. Sapirstein, Phys. Rev. A 55,
1857 (1997).
[10] H. Persson, S. Salomonson, P. Sunnergren, and I. Lindgren,
Phys. Rev. A 56, R2499 (1997).
[11] T. Beier et al., Phys. Rev. A 62, 032510 (2000).
[12] T. Beier, Phys. Rep. 339, 79 (2000).
[13] V.M. Shabaev, Phys. Rev. A 64, 052104 (2001).
[14] V.M. Shabaev and V.A. Yerokhin, Phys. Rev. Lett. 88, 091801
(2002).
[15] A. V. Nefiodov, G. Plunien, and G. Soff, Phys. Rev. Lett. 89,
081802 (2002).
[16] V. A. Yerokhin, P. Indelicato, and V. M. Shabaev, Phys. Rev.
Lett. 89, 143001 (2002); Phys. Rev. A 69, 052503 (2004).
[17] D. A. Glazov and V. M. Shabaev, Phys. Lett. A 297, 408 (2002).
[18] D. A. Glazov et al., Phys. Rev. A 70, 062104 (2004).
[19] R. N. Lee, A. I. Milstein, I. S. Terekhov, and S. G. Karshen-
boim, Phys. Rev. A 71, 052501 (2005).
[20] K. Pachucki, A. Czarnecki, U.D. Jentschura, and V.A.
Yerokhin, Phys. Rev. A 72, 022108 (2005).
[21] U. D. Jentschura, Phys. Rev. A 79, 044501 (2009).
[22] A.V. Volotka et al., Phys. Rev. Lett. 112, 253004 (2014).
[23] V. M. Shabaev, D. A. Glazov, G. Plunien, and A. V. Volotka, J.
Phys. Chem. Ref. Data 44, 031205 (2015).
[24] A. Czarnecki and R. Szafron, Phys. Rev. A 94, 060501(R)
(2016).
[25] V. A. Yerokhin and Z. Harman, Phys. Rev. A 95, 060501
(2017).
[26] V. A. Yerokhin et al., Phys. Rev. A 95, 062511 (2017)
[27] J. Zatorski et al., Phys. Rev. A 96, 012502 (2017).
[28] Z.-C. Yan, Phys. Rev. Lett. 86, 5683 (2001).
[29] Z.-C. Yan, J. Phys. B 35, 1885 (2002).
[30] V. M. Shabaev, Phys. Rep. 356, 119 (2002).
[31] V. M. Shabaev, in: ”Precision Physics of Simple Atomic Sys-
tems”, edited by S. Karshenboim and V.B. Smirnov (Springer,
Berlin, 2003), pp. 97-114.
[32] A. A. Shchepetnov et al., J. Phys. Conf. Ser. 583, 012001
(2015).
[33] V. M. Shabaev, Phys. Rev. A 57, 59 (1998).
[34] M. Phillips, Phys. Rev. 76, 1803 (1949).
[35] V. A. Yerokhin and V.M. Shabaev, Phys. Rev. Lett. 115, 233002
(2015).
[36] J. Sapirstein and W. R. Johnson, J. Phys. B 29, 5213 (1996).
[37] H. Grotch and R.A. Hegstrom, Phys. Rev. A 4, 59 (1971).
[38] F. E. Close and H. Osborn, Phys. Lett. B 34, 400 (1971).
[39] K. Pachucki, Phys. Rev. A 78, 012504 (2008).
[40] M.I. Eides and T. J. S. Martin, Phys. Rev. Lett. 105, 100402
(2010).
[41] R. A. Hegstrom, Phys. Rev. A 7, 451 (1973).
[42] R. A. Hegstrom, Phys. Rev. A 11, 451 (1975).
[43] A. Wienczek, M. Puchalski, and K. Pachucki Phys. Rev. A 90,
022508 (2014).
[44] D. A. Glazov et al., Nucl. Instr. Meth. Phys. Res. B 408, 46
(2017).
[45] A. V. Malyshev et al., Phys. Rev. A 96, 022512 (2017).
[46] I. Angeli and K.P. Marinova, At. Data Nucl. Data Tabl. 99, 69
(2013).
